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LINEAR PERIODS FOR UNITARY REPRESENTATIONS
Chang Yang
Abstract. Let F be a local non-Archimedean field of characteristic zero with a finite
residue field. Based on Tadic´’s classification of the unitary dual of GL2npFq, we clas-
sify irreducible unitary representations of GL2npFq that have nonzero linear periods, in
terms of Speh representations that have nonzero periods. We also give a necessary and
sufficient condition for the existence of a nonzero linear period for a Speh representation.
1. Introduction
1.1. Main results. Let F be a local non-Archimedean field of characteristic zero with
a finite residue field. Denote the group Gn “ GLnpFq. Let p and q be two nonnegative
integers with p ` q “ n, we denote by H “ Hp,q the subgroup of Gn of matrices of the
form: ˜
g1 0
0 g2
¸
with g1 P Gp, g2 P Gq.
Let pi be a smooth representation of Gn on a complex vector space V and χ a character of
H, denote by HomHppi, χq the space of linear forms l on V such that lppiphqvq “ χphqlpvq
for all v P V and h P H. Smooth representations pi of Gn with HomHppi, χq ‰ 0 are called
pH, χq-distinguished, or simply H-distinguished if χ is the trivial character 1 of H.
Elements of HomHppi, 1q are called (local) linear periods of pi. Linear periods have
been studied by many authors. The uniqueness of linear periods was proved by Jacquet
and Rallis in [JR]; the uniqueness of twisted linear periods, with respect to almost all char-
acters χ of H and in the case p “ q, was proved by Chen and Sun in [CS]. It thus remains
an interesting question of characterizing irreducible representations that have nonzero lin-
ear periods. It is known that a tempered representation of GL2npFq has nonzero linear
periods with respect to Hn,n if and only if it is a functorial transfer of a generic tempered
representation of SO2n`1pFq, see [JS], [Mat2] and [Mat4]. Another closely related char-
acterization of the existence of nonzero linear periods for an essentially square-integrable
representation is through poles of the local exterior square L-functions associated with the
representation, see [Mat2] and references therein. A recent preprint by Se´cherre [Se´c]
studied supercuspidal representations with nonzero linear periods from the point of view
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of type theory. However, all of these characterizations are for generic representations.
Motivated by the recent work of Gan-Gross-Prasad [GGP] on branching laws in the non-
tempered case, we are led to consider in this work the existence of nonzero linear periods
for irreducible unitary representations.
Our main results are as follows. We refer the reader to Section 2 for unexplained
notation in the following two theorems.
Theorem 1.1. Let Sppδ, kq be a Speh representation of G2n, where δ is a square-
integrable representation of Gd with d ą 1, and k is a positive integer (2n “ dk). Then
Sppδ, kq is Hn,n-distinguished if and only if d is even and δ is Hd{2,d{2-distinguished.
Theorem 1.2. An irreducible unitary representation pi of G2n is Hn,n-distinguished if
and only if it is self-dual and its Arthur part piAr is of the form
pσ1 ˆ σ
_
1 q ˆ ¨ ¨ ¨ ˆ pσr ˆ σ
_
r q ˆ σr`1 ˆ ¨ ¨ ¨ ˆ σs.
where each σi is a Speh representation for i “ 1, ¨ ¨ ¨ , s, and each representation σ j is
Hm j,m j -distinguished for some positive integer m j, j “ r ` 1, ¨ ¨ ¨ , s.
Distinction problem for unitary representation has already been considered by Ma-
tringe for local Galois periods in [Mat3] and by Offen and Sayag for local Symplectic
periods in [OS1, OS2]. We remark that the special case of Theorem 1.2 for representations
of Arthur type (see Theorem 7.3) is similar to [Mat4, Theorem 3.13] about local linear pe-
riods for generic representations and the main result in [Mat3] about local Galois periods
for unitary representations. A global analogue of our result is to find the Hn,n-distinguished
representation in the automorphic dual of G2n, which we will pursue in future works. We
also refer the reader to [FJ, JR] for the role of local linear periods and their global ana-
logues in the study of standard L-functions.
1.2. Remarks on the method of the proof. Most of our work deals with distinction
of parabolically induced representations of Gn. The main tool to study distinction of in-
duced representations is the geometric lemma of Bernstein-Zelevinsky [BZ], which relates
distinction of an induced representation to distinction of some Jacquet module of the in-
ducing data. It was shown by Tadic´ in [Tad1] that every irreducible unitary representation
is isomorphic to the parabolic induction of Speh representations or their twists. The ob-
servation is that Jacquet modules of Speh representations have a convenient combinatorial
description similar to that of Jacquet modules of essentially square-integrable representa-
tions ([KL]). As hinted by the geometric lemma, to classify Hn,n-distinguished irreducible
unitary representations, it is necessary to consider Hp,q-distinction with respect to a partic-
ular family of characters in (2.1), not only of Speh representations, but also of a larger class
of representations, ladder representations. The class of ladder representations was intro-
duced by Lapid and Minguez in [LM1], and has many remarkable properties which make
them an ideal testing ground for distinction of non-generic representations and some other
questions in the representation theory of general linear groups, see for example [FLO],
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[Gur], [MOS] and [LM2]. The most complicated part of the paper, Section 6, is devoted
to the study of distinction of ladder representations. Our treatment, although not simple,
is largely elementary and combinatorial based on detailed analysis using the geometric
lemma. We refer the reader to [Mat1] and [Mat4] for a similar approach to the classifi-
cation of distinguished generic representations in Galois symmetric space and our setting
respectively.
We next outline the proof of Theorem 1.1. For the ‘if’ part, the existence of non-zero
linear periods for the standard module of a Speh representation Spp∆, kq is guaranteed by
the work of Blanc and Delorme [BD] when ∆ is Hd{2,d{2-distinguished. Thus it suffices
to show that the maximal proper subrepresentation of the standard module associated with
Spp∆, kq is not Hn,n-distinguished. The explicit structure of this maximal proper subrep-
resentation is well known by the work of Tadic´ [Tad3] (see also [LM1]). For the ‘only
if’ part of Theorem 1.1, however, we cannot expect to get any information on the distin-
guishedness of ∆ from that of the standard module of Spp∆, kq when k is an even, as in
this case, the standard module of Spp∆, kq is Hn,n-distinguished for any self-dual ∆ by the
work of Blanc and Delorme [BD]. We instead use the idea of ‘restricting to the mirabolic
subgroup’, and relate linear periods on Spp∆, kq with those on its highest shifted deriva-
tive, which is exactly Spp∆, k ´ 1q. The ‘only if’ part is then proved by induction on k.
We remark that the idea of exploiting the theory of derivatives in distinction problems has
already appeared many times in the literature, see for example [CPS], [Kab], [Mat4] and
[Mat3].
The paper is organized as follows. In Section 2 we introduce notations and some
preliminaries on the representation theory of general linear groups. In Section 3 we present
some general facts on pHp,q, µaq-distinguished representations, where µa is the character in
(2.1). In this section, we recall a result of Gan which is crucial for our combinatorial
study of twisted linear periods. In Section 4 we give a detailed analysis of the parabolic
orbits of the symmetric space involved and in Section 5 we draw some consequences of the
geometric lemma. Section 6 is devoted to the study of distinction of ladder representations.
We then complete the classification in Section 7.
2. Preliminaries on representations of GLnpFq
Throughout the paper let F be a local non-Archimedean field of characteristic zero
with a finite residue field.
For any n P Zě0, letGn “ GLnpFq and let RpGnq be the category of smooth complex
representations ofGn of finite length. Denote by IrrpGnq the set of equivalence classes of ir-
reducible objects of RpGnq and by C pGnq the subset consisting of supercuspidal represen-
tations. (By convention we defineG0 as the trivial group and IrrpG0q consists of the trivial
representation of G0.) Let Irr and C be the disjoint union of IrrpGnq and C pGnq,n ě 0,
respectively. For a representation pi P RpGnq, we call n the degree of pi.
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Let Rn be the Grothendieck group of RpGnq and R “ ‘ně0Rn. The canonical map
from the objects of RpGnq to Rn will be denoted by pi ÞÑ rpis.
Denote by ν the character νpgq “ | det g| on any Gn. (The n will be implicit and
hopefully clear from the context.) For any pi P RpGnq and a P R, denote by ν
api the
representation obtained from pi by twisting it by the character νa, and denote by pi_ the
contragredient of pi. The sets Irr and C are invariant under taking contragredient. For
a character χ of Fˆ, define the real part Re pχq of χ to be the real number a such that
|χpzq|C “ |z|
a, z P Fˆ, where | ¨ |C is the absolute value on C.
For a subgroup Q of Gn, denote by δQ the modular character of Q.
Let p and q be two nonnegative integers with p` q “ n. Denote by wp,q the matrix
wp,q “
˜
0 Iq
Ip 0
¸
.
Let Hp,q be the subgroup ofGn as in the introduction. For a P R, define the character µa of
Hp,q by
µa
˜˜
g1
g2
¸¸
“ νapg1qν
´apg2q, g1 P Gp, g2 P Gq.(2.1)
(By convention we allow the case where p or q is zero.)
2.1. Jacquetmodule of induced representations. The standard parabolic subgroups
ofGn are in bijection with compositions pn1, ¨ ¨ ¨ , ntq of n. The corresponding standard Levi
subgroup is the gorup of block diagonal invertible matrices with block sizes n1, ¨ ¨ ¨ , nt. It
is isomorphic to Gn1 ˆ ¨ ¨ ¨ ˆGnt .
Let P “ M ˙ U be a standard parabolic subgroup of Gn and σ a smooth, complex
representation of M. We denote by Ind
Gn
P
pσq its normalized parabolic induction; for any
standard Levi subgroup L Ă M, we denote by rL,Mpσq the normalized Jacquet module (see
[BZ, §2.3]).
If ρ1, ¨ ¨ ¨ , ρt are representations of Gn1 , ¨ ¨ ¨ ,Gnt respectively, we denote by
ρ1 ˆ ¨ ¨ ¨ ˆ ρt
the representation Ind
Gn
P
σ where σ is the representation ρ1b ¨ ¨ ¨b ρt of M, where M is the
standard Levi subgroup of the parabolic subgroup P corresponding to pn1, ¨ ¨ ¨ , ntq.
Next we brief review the Jacquet module of a product of representations of finite length
[Zel, §1.6] (or more precisely, its composition factors). Let α “ pn1, ¨ ¨ ¨ , ntq and β “
pm1, ¨ ¨ ¨ ,msq be two compositions of n. For every i P t1, ¨ ¨ ¨ , tu, let ρi P RpGniq. Denote
by Matα,β the set of t ˆ s matrices B “ pbi, jq with nonnegative integer entries such that
sÿ
j“1
bi, j “ ni, i P t1, ¨ ¨ ¨ , tu,
tÿ
i“1
bi, j “ m j, j P t1, ¨ ¨ ¨ , su.
Fix B P Matα,β. For any i P t1, ¨ ¨ ¨ , tu, αi “ pbi,1, ¨ ¨ ¨ , bi,sq is a composition of ni and we
write the compostion factors of rαipρiq as
σki “ σ
k
i,1 b ¨ ¨ ¨ b σ
k
i,s, σ
k
i, j P IrrpGbi, jq, k P t1, ¨ ¨ ¨ , liu,
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where li is the length of rαipρiq. For any j P t1, ¨ ¨ ¨ , su and a sequence k “ pk1, ¨ ¨ ¨ , krq of
integers such that 1 ď ki ď li, define
Σ
B,k
j
“ σk1
1, j
ˆ ¨ ¨ ¨ ˆ σkt, j P RpGm jq.
Then we have
rrβpρ1 ˆ ¨ ¨ ¨ ˆ ρts “
ÿ
BPMatα,β,k
rΣ
b,k
1
b ¨ ¨ ¨ b Σ
B,k
s s.
2.2. Langlands classification. By a segment of cuspidal representations we mean a
set
ra, bsρ “ tν
aρ, νa`1ρ, ¨ ¨ ¨ , νbρu,
where ρ P C and a, b P R, b ´ a P Zě0. The representation ν
aρ ˆ νa`1ρ ˆ ¨ ¨ ¨ ˆ νbρ has
a unique irreducible quotient, which is an essentially square-integrable representaton and
is denoted by ∆pra, bsρq. The map ra, bsρ ÞÑ ∆pra, bsρq gives a bijection between the set of
segments of cuspidal representations and the subset of essentially square-integrable repre-
sentations in Irr. (In what follows, for simplicity of notation, we shall use ∆ to denote either
a segment of cuspidal representations or the essentially square-integrable representations
corresponding to it; we hope this will not cause any confusion.) We use the convention
that ∆pra, bsρq “ 0 if b ă a´ 1 and ∆pra, a´ 1sρq “ 1, the trivial represntation of G0.
We denote the extremities of ∆ “ ∆pra, bsρq by bp∆q “ ν
aρ P C and ep∆q “ νbρ P C
respectively. We also write lp∆q “ b´ a` 1 for the length of ∆.
For ρ P C , we denote by Zρ the set tνaρ | a P Zu and call it the cuspidal line of ρ. We
then trasport the order and additive structure of Z to the cuspidal line Zρ. Thus we shall
sometimes write νaρ` b “ νa`bρ and νaρ ď νbρ if a ď b, where a, b are integers. By the
contragredient of Zρ we mean the cuspidal line Zρ_.
Let ∆ and ∆1 be two segments. We say that ∆ and ∆1 are linked if ∆ Y ∆1 forms a
segment but neither ∆ Ă ∆1 nor ∆1 Ă ∆. If ∆ and ∆1 are linked and bp∆q “ bp∆1qν j with
j ą 0, then we say that ∆ precedes ∆1 and write ∆ ă ∆1.
A multisegment is a multiset (that is, set with multiplicities) of segments. Denote by
O the set of multisegements. For ρ P C , let Oρ denote the multisegements such that all of
its segements are contained in the cuspidal line Zρ. An order m “ t∆1, ¨ ¨ ¨ ,∆tu P O on a
multisegmentsm is of standard form if ∆i ć ∆ j for all i ă j. Every m P O admits at least
one standard order.
Let m “ t∆1, ¨ ¨ ¨ ,∆tu P O be ordered in standard form. The representation
λpmq “ ∆1 ˆ ¨ ¨ ¨ ˆ ∆t
is independent of the choice of order of standard form. It has a unique irreducible quotient
that we denote by Lpmq. The Langlands classification says that the map m ÞÑ Lpmq is a
bijection between O and Irr.
2.3. Unitary dual ofGn. We briefly recall the classification of the unitary dual ofGn
by Tadic´ [Tad1, Theorem D]. Let Irru be the subset of unitarizable representations in Irr,
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and Du the subset of all square-integrable classes in Irru. Let k be a positive integer, and
let δ P Du. The repersentation
νpk´1q{2δˆ νpk´3q{2δˆ ¨ ¨ ¨ ˆ ν´pk´1q{2δ
has a unique irreducible unitarizable quotient Sppδ, kq, called a Speh representation.
Suppose 0 ă α ă 1{2. The representation ναSppδ, kq ˆ ν´αSppδ, kq is irreducible and
unitarizable; we denote it by Sppδ, kqrα,´αs.
Let B be the set of all
Sppδ, kq, Sppδ, kqrα,´αs,
where δ P Du, k is a positive integer and 0 ă α ă 1{2. By [Tad1, Theorem D], an
irreducible representation pi is unitarizable if and only if it is of the form
pi1 ˆ ¨ ¨ ¨ ˆ pit, pii P B, i “ 1, ¨ ¨ ¨ , t.
Moreover, this expresssion is unique up to permutation. We call it a Tadic´ decomposition
of pi.
By an irreducible representation of Arthur type, we mean an irreducible unitary repre-
sentation whose Tadic´ decomposition does not involve any Sppδ, kqrα,´αs. For pi P Irru,
we then have a decomposition pi “ piAr ˆ pic, where piAr is a representation of Arthur type
and is called the Arthur part of pi.
3. Preliminaries on pHp,q, µaq-distinguished representations
3.1. Basic facts.
Lemma 3.1. (1) Let pi be a smooth representation of Gn. If pi is pHp,q, µaq-distinguished
for two nonnegative integers p, q with p ` q “ n and a P R, then pi is also pHq,p, µ´aq-
distinguished;
(2) Let pi1, ¨ ¨ ¨ , pit P IrrpGnq. If pi1ˆ¨ ¨ ¨ˆpit is pHp,q, µaq-distinguished for two nonneg-
ative integers p, q with p`q “ n and a P R, then pi_
1
ˆ¨ ¨ ¨ˆpi_t is pHp,q, µ´aq-distinguished.
Proof. The statement (1) follows from the fact that pi – piwq,p . Let ι denote the invo-
lution ιpgq “ tg´1 of transpose inversion. Then (2) follows from the fact that ppi1 ˆ ¨ ¨ ¨ ˆ
pitq ˝ ι – pi
_
1
ˆ ¨ ¨ ¨ ˆ pi_t . Q.E.D.
For representations of dimension one, we have the following simple lemma, whose
proof we omit.
Lemma 3.2. Let χ be a character of Gn. Assume that χ is pHp,q, µaq-distinguished for
nonnegative integers p, q with p ` q “ n and a P R. If q “ 0 (resp. p “ 0), then χ is the
character νa (resp. ν´a) of Gn; If p, q ą 0, then a “ 0 and χ “ 1, the trivial character of
Gn.
For untwisted linear periods, we have the following fundamental result due to Jacquet
and Rallis [JR].
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Lemma 3.3. Let p, q be two positive integers with p ` q “ n. If pi P IrrpGnq, then
dimHomHp,qppi, 1q ď 1. Furthermore, if dimHomHp,qppi, 1q “ 1, then pi – pi
_.
Remark 3.4. In this work we will not need multiplicity one results about (twisted)
linear periods. However, the self-dualness property of distinguished representations is im-
portant for applications of the geometric lemma. The uniqueness of twisted linear periods,
in the case p “ q, is studied by Chen and Sun in [CS]. Their result shows that, for all but
finitely many a, dimHomHp,pppi, µaq ď 1 for all pi P IrrpG2pq. However, due to the author’s
limited knowledge, we can not deduce self-dualness property from their arguments when
the multiplicity is nonzero as in the untwisted case.
3.2. Relations with Shalika periods. When n “ 2m is an even integer, the Shalika
subgroup of Gn is defined to be
S n “
#˜
a b
0 a
¸ ˇˇˇ
ˇˇ a P Gm, b P Mm
+
“ Gm ˙ Nm,m,
where Mm indicates the set of mˆm matrices with entries in F. Define a character ψS n on
S n by
ψS n
˜˜
a
a
¸˜
1 b
1
¸¸
“ ψFpTrpbqq,(3.1)
where ψF is a non-trivial character of F. For a smooth representation pi of Gn, an element
in HomS nppi, ψS nq is called a local Shalika period of pi.
The relation between untwisted linear periods and untwisted Shalika periods is well
known (see [JNQ] for their equivalence in the case of supercuspidal representations; see
also a discussion for relatively square-integrable representations in [Mat2, §5]). By a
theta correspondence approach, Gan proved the following general result that relates linear
periods and Shalika periods on Gn (see [Gan, Theorem 3.1]).
Proposition 3.5. Let n “ 2m be an even integer. For any pi P IrrpGnq and σ P IrrpGmq,
one has
HomS npΘppiq, σb ψS nq – HomHm,mppi
_, σb Cq,(3.2)
where Θppiq is the big theta lift of pi and σ b ψS n is viewed as a representation of S n “
Gm ˙ Nm,m.
Corollary 3.6. Let pi be a generic representation of Gn. The followings are equiva-
lent:
(1) pi is pHm,m, µaq-distinguished for some a P R;
(2) pi is pHm,m, µaq-distinguished for all a P R;
(3) pi is pS n, ψS nq-distinguished.
In particular, if one of the three equivalent conditions holds, then pi is self-dual.
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Proof. For any a P R, the representation νapi is still generic. Thus Θpνapiq “ pνapiq_
by a result of Minguez [Mı´n, §2]. One then has
HomHm,mppi, µaq “ HomHm,mppi, ν
a b ν´aq – HomHm,mpν
api, ν2a b Cq
– HomS npν
api, ν2a b ψS nq – HomS nppi, ψS nq.
Q.E.D.
Remark 3.7. The result of Gan, Proposition 3.5, highlights the importance of deter-
mining whether Θppiq “ pi_ for an irreducible representation pi of Gn. This is true for
generic representations by a result of Minguez [Mı´n], see also [Gan, Theorem 4.1]. Fur-
thermore, in [FSX], the authors prove that if the Godement-Jacquet L function Lps, piq or
Lps, pi_q has no pole at s “ 1{2, then Θppiq – pi_.
Remark 3.8. When n “ 2, this corollary can be deduced from a result of Wald-
spurger on toric periods, which shows that a generic representation of GL2pFq is pT, µaq-
distinguished if and only if its central character is trivial, where T is the diagonal torus in
GL2pFq.
3.3. The theory of Bernstein-Zelevinsky derivatives. Let Pn Ă Gn be the mirabolic
subgroup ofGn consisting of matrices with the last row p0, 0, ¨ ¨ ¨ , 0, 1q. We refer the reader
to [BZ, 3.2] for the definition of the following functors
Ψ
´ : Alg Pn Ñ AlgGn´1, Ψ
` : AlgGn´1 Ñ Alg Pn,
Φ
´ : Alg Pn Ñ Alg Pn´1, Φ
` : Alg Pn´1 Ñ Alg Pn.
Define pipkq “ Ψ´pΦ´qk´1 ppi|Pnq to be the k-th derivative of a representation pi of Gn.
The following proposition can be proved by the same argument as that in [Kab, Propo-
sition 1] (see also [Mat2, Proposition 3.1], where the linear subgroups Hp,q take different
forms.)
Proposition 3.9. If σ is a representation of Pn´1 and χ is a character of Hp,q, then
HomPnXHp,qpΦ
`σ, χq – HomPn´1XHq´1,ppσ, χ
wq´1,pµ´1{2q
as complex vector spaces, where χwq´1,p is the character of Hq´1,p defined by χ
wq´1,ppgq “
χpwq´1,pgw
´1
q´1,pq. In particular, for all a P R, one has
HomPnXHp,qpΦ
`σ, µaq – HomPn´1XHq´1,ppσ, µ´a´1{2q.(3.3)
As a corollary, we have the following result due to Matringe [Mat2, Theorem 3.1].
Corollary 3.10. Let ∆ be an essentially square-integrable representation of Gn. Let
p, q be two positive integers with p ` q “ n, and χ a character of Hp,q. Assume that pi is
pHp,q, χq-distinguished. Then p “ q.
Another application of Proposition 3.9 will generalize Corollary 3.10 to essentially
Speh representations in Theorem 6.11 of Section 6.3.
The following proposition, a direct consequence of Corollary 3.10 and Corollary 3.6,
is the starting point of the combinatorial arguments in this work.
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Proposition 3.11. Let ∆ be an essentially square-integrable representation of Gn. If ∆
is pHp,q, µaq-distinguished for two positive integers p, q with p ` q “ n and some a P R,
then p “ q, and ∆ is self-dual.
4. Symmetric spaces and parabolic orbits
The main tool we use to classify distinguished unitary representations is the geometric
lemma of Bernstein and Zelevinsky [BZ, Theorem 5.2]. Applying it requires a detailed
analysis of the double coset space PzGn{Hp,q, where P is a parabolic subgroup of Gn. As
Hp,q is a symmetric subgroup of Gn, we follow the framework given by Offen in [Off].
4.1. General notations. Let G “ Gn, H “ Hp,q be the subgroup of Gn as in the
introduction. Let
ε “ εp,q “
˜
Ip
´Iq
¸
,
and θ “ θp,q be the involution on Gn defined by θpgq “ εgε
´1. The symmetric space
associated to pG, θq is
X “ tg P G | θpgq “ g´1u,
equipped with the G-action g ¨ x “ gxθpgq´1. The map g ÞÑ g ¨ e gives a bijection of the
coset space G{H onto the orbit G ¨ e Ă X, and thus a bijection of the double coset space
PzG{H onto the P-orbits in G ¨ e, where P denotes a parabolic subgroup of G. For any
g P G, denote by rgsG the conjugacy class of g in G. Note that the map g ÞÑ gε gives a
bijection ofG ¨ e onto rεsG and that theG-action onG ¨ e is transformed to the conjugation
action of G on rεsG.
For any subgroup Q of G and x P X, let Qx “ tg P Q | g ¨ x “ xu be the stabilizer of
x in Q. Note that Qx is just the centralizer of xε in Q.
4.2. Twisted involutions in Weyl groups. A first coarse classification of the double
cosets in PzG{H is given by certain Weyl elements. LetW be the Weyl group ofG. Let
Wr2s “ tw P W | wθpwq “ eu “ tw P W | w2 “ eu
be the set of twisted involutions in W. For two standard Levi subgroups M and M1 of G,
let W
M M1
be the set of all w P W that are left WM-reduced and rightWM1 -reduced.
Given a standard parabolic subgroup P “ M ˙ U, define a map
ιM : PzX Ñ Wr2s X WM M(4.1)
by the relation
PxP “ PιMpP ¨ xqP.(4.2)
For x P X, let
w “ ιMpP ¨ xq and L “ Mpwq “ M X wMw
´1.
Then L is a standard Levi subgroup of M satisfying L “ wLw´1.
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4.3. Admissible orbits. It is noted in [Off] that, to apply the geometric lemma in
particular cases, it is necessary to first understand the admissible orbits. Recall that x P X
(or a P-orbit P ¨ x in X) is said to be M-admissible if M “ wMw´1 where w “ ιMpP ¨ xq.
We now describe the relevant data for M-admissible P-orbits in G ¨ e.
By [Off, Corollary 6.2], M-admissible P-orbits inG ¨ e is in bijection with M-orbits in
G ¨ eX NGpMq, or equivalently M-conjugacy classes in rεsG X NGpMq.
Fix a composition n¯ “ pn1, ¨ ¨ ¨ , ntq of n. Let P “ M ˙ U be the standard para-
bolic subgroup of Gn associated to n¯. Denote by S
pn¯q
t the set of permutations τ on the set
t1, 2, ¨ ¨ ¨ , tu such that ni “ nτpiq for all i P t1, ¨ ¨ ¨ , tu. To each τ in S
pn¯q
t , we associate a
block matrix wτ which has Ini on its pτpiq, iq-block for each i and has 0 elsewhere. Then
the map
τ ÞÑ wτM
defines an isomorphism of groups from S
pn¯q
t to NGpMq{M. Write an element of M as
diagtA1, ¨ ¨ ¨ , Atu. Note that an element wτdiagtA1, ¨ ¨ ¨ , Atu of NGpMq has order 2 if and
only if
τ2 “ 1 and AiAτpiq “ Ini for all i P t1, ¨ ¨ ¨ , tu.
One sees that the M-conjugacy classes in rεsG X NGpMq are parameterized by the set of
pairs pcτ, τq where τ P S
pn¯q
t , τ
2 “ 1, and cτ is a set of the form
tpnk,`, nk,´q | for all k such that τpkq “ ku
such that $’’&
’’%
nk “ nk,` ` nk,´, nk,`, nk,´ ě 0;ř
k,τpkq“k nk,` `
ř
pi,τpiqq,iăτpiq ni “ p;ř
k,τpkq“k nk,´ `
ř
pi,τpiqq,iăτpiq ni “ q.
(4.3)
Denote by I
7
p,qpn¯q the set of all such pairs.
For the M-admissible P-orbit O corresponding to pcτ, τq in I
7
p,qpn¯q, we can choose a
natural orbit representative x “ xpcτ,τq P OX NGpMq as follows: The matrix xε has Ini on
its pτpiq, iq-block when τpiq ‰ i, diagpIni,` ,´Ini,´q on its pi, iq-block when τpiq “ i, and 0
elsewhere. One sees easily that Mx consists of elements diagtA1, ¨ ¨ ¨ , Atu such that$&
%Ai “ Aτpiq, τpiq ‰ i;AiIni,`,ni,´ “ Ini,`,ni,´Ai τpiq “ i.(4.4)
Here and in what follows, we denote by In1,n2 for the diagonal matrix diagtIn1 ,´In2u. Thus,
when τpiq “ i, we may further write Ai as diagtAi,`, Ai,´u. One also has Px “ Mx ˙ Ux.
The following computation of modular characters is indispensable for applications of
the geometric lemma, see [Off, Theorem 4.2]. We omit the proof here as it is obtained by
a routine calculation.
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Lemma 4.1. Let x P G ¨ e X NGpMq be the representative as above of the P-orbit
corresponding to pc, τq P I7p,qpn¯q. Then, for m “ diagtA1, ¨ ¨ ¨ , Atu P Mx, we have
δPxδ
´1{2
P
pmq “
ź
iă j
τpiq“i,τp jq“ j
νpAi,`q
pn j,`´n j,´q{2νpAi,´q
pn j,´´n j,`q{2νpA j,`q
pni,´´ni,`q{2νpA j,´q
pni,`´ni,´q{2
(4.5)
¨
ź
iă j
τpiqąτp jq
νpAiq
´n j{2νpA jq
ni{2.
4.4. General orbits. For our purposes, we consider only P-orbits inG ¨ e Ă X where
P is a maximal parabolic subgroup. Let P “ Pk,n´k be the standard parabolic subgroup
associated to pk, n ´ kq with M its Levi subgroup. We follow the geometric method as
in [Mat4]. The case where |p ´ q| ď 1 can be essentially covered by the results there.
We remark however that the symmetric subgroup H there takes a different form and the
treatment here is independent.
Let V be a n-dimensional F-vector space with a basis te1, ¨ ¨ ¨ , enu. Let V` (resp. V´)
be the subspace of V of dimension p (resp. q) which is generated by te1, ¨ ¨ ¨ , epu (resp.
tep`1, ¨ ¨ ¨ , enu). The coset space G{P can be identified with the set of subspaces of V of
dimension k. For such a subspaceW, set
rW “ dimFpW X V`q, sW “ dimFpW X V´q.
Lemma 4.2. Let W1 andW2 be two subspaces of V of dimension k. Then they are in the
same H-orbit if and only if rW1 “ rW2 and sW1 “ sW2 . For a pair of nonnegative integers
pr, sq, there is a subspace W of V such that r “ rW and s “ sW if and only if#
r ` s ď k,
k´ s ď p, k ´ r ď q.
(4.6)
Denote byIkp,q the set of pairs of nonnegative integers pr, sq that satisfying (4.6). Then,
by Lemma 4.2, the double cosets in HzG{P can be parameterized by Ikp,q. For pr, sq P I
k
p,q,
call d “ k´ r ´ s the defect of pr, sq.
We first seek a complete set of representatives of PzG{H; and we split the discussions
into two cases.
Case k ě p. Let Wpr,sq be the subspace of V generated by
te1, ¨ ¨ ¨ , er; er`1 ` eq`r`1, ¨ ¨ ¨ , ek´s ` eq`k´s; eq`k´s`1, ¨ ¨ ¨ en; ep`1, ¨ ¨ ¨ , eku.
Then dimF Wr,s “ k, dimFpWpr,sq X V`q “ r and dimFpWpr,sq X V´q “ s. Let η˜
´1
pr,sq
be the
block matrix ˜
C1 C2
C3 C4
¸
where C1 and C4 are matrices of size p ˆ p and qˆ q respectively, and
C1 “
˜
Ik´s
0
¸
, C4 “
˜
Ik´s`q´p
0
¸
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C2 “
˜
0 0
0 Is`p´k
¸
, C3 “
˜
0 0
0 Ip´r
¸
.
Then tη˜´1
pr,sq
u is a complete set of representatives of the double coset space HzG{P. Taking
inverse, we thus get a complete set of representatives tη˜pr,squ of PzG{H.
Case k ď p. Let Wpr,sq be the subspace of V of dimension k generated by
te1, e2, ¨ ¨ ¨ , er; er`1 ` en´k`r`1, ¨ ¨ ¨ , ek´s ` en´s; en´s`1, ¨ ¨ ¨ , enu.
Then dimF Wr,s “ k, dimFpWr,s X V`q “ r and dimFpWpr,sq X V´q “ s. Let η˜
´1
pr,sq
be the
block matrix ˜
D1 D2
D3 D4
¸
where D1 and D4 are matrices of size kˆ k and pn´ kq ˆ pn ´ kq respectively, and
D1 “
˜
Ik´s
0
¸
, D4 “
˜
In´k´s
0
¸
D2 “
˜
0 0
0 Is
¸
, D3 “
˜
0 0
0 Ik´r
¸
.
Then tη˜´1
pr,sq
u is a complete set of representatives of the double coset space HzG{P. Taking
inverse, we thus get a complete set of representatives tη˜pr,squ of PzG{H.
We then describe the relevant data for these general P-orbits in G ¨ e. For pr, sq P Ikp,q,
let x˜pr,sq “ η˜pr,sqθpη˜pr,sqq
´1 P G ¨ e. Thus tx˜pr,squ is a complete set of representatives of P-
orbits in G ¨ e. Write wpr,sq “ ιMpP ¨ x˜pr,sqq. Recall that wpr,sq is left and rightWM-reduced.
In either case, we have that
wpr,sq “
¨
˚˚˚
˝
Ik´d
Id
Id
In´k´d
˛
‹‹‹‚.(4.7)
Thus L “ Lpr,sq “ M X wpr,sqMw
´1
pr,sq
is the standard Levi subgroup associated to the
composition pk ´ d, d, d, n ´ k ´ dq of n. Denote by Q the parabolic subgroup of Gn
with L its Levi subgroup. We can choose, in either case, an orbit representative xpr,sq P
P ¨ x˜pr,sq X Lwpr,sq such that
xpr,sqε “
¨
˚˚˚
˝
Ir,s
Id
Id
Ip`s´k,q`r´k
˛
‹‹‹‚.(4.8)
So the group Lxpr,sq consists of elements diagtA1,`, A1,´, A2, A3, A4,`, A4,´u such that$&
%A1,` P Gr, A1,´ P Gs, A4,` P Gp`s´k, A4,´ P Gq`r´k;A2 “ A3 P Gd.
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We can also choose ηpr,sq P Gn such that ηpr,sqθpηpr,sqq
´1 “ xpr,sq and that
η
´1
pr,sq
¨
˚˝ A1,` A1,´ A2
A3
A4,`
A4,´
˛
‹‚ηpr,sq “
¨
˚˝ A1,` A2 A4,`
A4,´
A3
A1,´
˛
‹‚P Hp,q(4.9)
Note that xpr,sq is the natural representative for an L-admissible Q-orbit inG ¨ e chosen
in Section 4.3. Thus, by Lemma 4.1, we have
Lemma 4.3. For pr, sq P Ikp,q, let x “ xpr,sq and η “ ηpr,sq as given above. For a P R,
let µa be the character of H “ Hp,q defined in (2.1). For
m “ diagtA1,`, A1,´, A2, A3, A4,`, A4,´u P Lx,
we have
δQxδ
´1{2
Q
pmq “ νpA1,`q
pp´q`s´rq{2νpA1,´q
pq´p`r´sq{2νpA4,`q
ps´rq{2νpA4,´q
pr´sq{2,
(4.10)
µ
η´1
a pmq “ νpA1,`q
aνpA1,´q
´aνpA4,`q
aνpA4,´q
´a.
Corollary 4.4. Let ρ “ ρ1 b ρ2 b ρ3 b ρ4 be a pure tensor representation of L. Then
ρ is pLx, δQxδ
´1{2
Q
µ
η´1
a q-distinguished if and only if$’’&
’%
ρ2 – ρ
_
3
,
ρ1 is pGr ˆGs, µa`pp`s´q´rq{2q-distinguished,
ρ4 is pGp`s´k ˆGq`r´k, µa`ps´rq{2q distinguished.
(4.11)
5. Consequences of the geometric lemma
5.1. The geometric lemma. We first recall the formulation of the geometric lemma
of Bernstein and Zelevinsky in [Off, Theorem 4.2], and we refer the reader to loc.cit for
unexplained notation.
Proposition 5.1. Let P “ M ˙ U be a standard parabolic subgroup of G. Let σ be
a representation of M, and χ a character of H. If the representation IndGP pσq is pH, χq-
distinguished, then there exist a P-orbit O in PzpG ¨ eq and η P G satisfying x “ η ¨ e P
O X Lw (where w “ ιMpP ¨ xq and L “ Mpwq) such that the Jacquet module rL,Mpσq is
pLx, δQxδ
´1{2
Q
χη
´1
q-distinguished. Here Q “ L ˙ V is the standard parabolic subgroup of
G with standard Levi subgroup L.
We retain the notation of Section 4. As a consequence of the analysis there, we for-
mulate the following corollary.
Corollary 5.2. Let σ1 resp. σ2 be a representation of Gk resp. Gn´k. If the repre-
sentation σ1 ˆ σ2 is pHp,q, µaq-distinguished for some p, q ě 0, p ` q “ n and a P R,
then there exists a pair pr, sq P Ikp,q with defect d “ k ´ r ´ s such that the representation
rpk´d,dqσ1 b rpd,n´k´dqσ2 of L is pLx, δQxδ
´1{2
Q
µ
η´1
a q-distinguished, where L is the standard
Levi subgroup of Gn associated to pk ´ d, d, d, n ´ k ´ dq, Q is the standard parabolic
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subgroup with L its Levi part, x “ xpr,sq is given in (4.8) and η “ ηpr,sq P Gn such that
x “ η ¨ e and (4.9) holds.
5.2. Distinction of products of essentially square-integrable representations. We
now apply Corollary 5.2 to distinction of products of essentially square-integrable repre-
sentations.
Lemma 5.3. Let m1 “ t∆1, ¨ ¨ ¨ ,∆ru and m2 “ t∆
1
1
, ¨ ¨ ¨ ,∆1su be two multisegments.
(not necessarily ordered in standard form). If
∆1 ˆ ¨ ¨ ¨ ˆ ∆r – ∆
1
1 ˆ ¨ ¨ ¨ ˆ ∆
1
s,
then m1 “ m2.
Proof. By our assumption and the commutativity of R, we know that Lpm1q is a sub-
quotient of λpm2q. Similarly, Lpm2q is a subquotient of λpm1q. Thatm1 “ m2 then follows
from [Tad2, Theorem 5.3] (or the Bernstein-Zelevinsky theory, [Zel, 7.1 Theorem], for
Langlands classification after applying the Zelevinsky involution). Q.E.D.
Proposition 5.4. Let pi “ ∆1 ˆ ¨ ¨ ¨ ˆ ∆t be a representation of Gn, where ∆i “
∆prai, bisρiq is an essentially square-integrable representation of Gni , i “ 1, ¨ ¨ ¨ , t. (Here
we assume all ai, bi are integers.) Suppose that pi is pHp,q, µaq-distinguished with p, q two
nonnegative integers, p ` q “ n, and a P R. Then there exist an integer ct satisfying
at ´ 1 ď ct ď bt such that one of the following cases must hold:
Case A1. One has at “ ct ă bt. The representation ∆prat, ctsρtq “ bp∆tq is either
the character νa`pq´p`1q{2 or the character ν´a`pp´q`1q{2 of G1; and there exists i P
t1, 2, ¨ ¨ ¨ , t ´ 1u, and an integer ci, ai ď ci ď bi, such that
(i) one has ∆prat ` 1, btsρtq
_ – ∆prai, cisρiq;
(ii) the representation
∆1 ˆ ¨ ¨ ¨ ˆ ∆prci ` 1, bisρiq ˆ ¨ ¨ ¨ ˆ ∆t´1
is pHp´nt ,1`q´nt , µa`1{2q or pH1`p´nt ,q´nt , µa´1{2q-distinguished, depending on
bp∆tq.
Case A2. One has at ď ct ă bt. The representation ∆prat, ctsρtq, with its degree n
1
t an
even integer, is Hn1t {2,n1t {2-distinguished; and there exists i P t1, 2, ¨ ¨ ¨ , t´1u and an integer
ci, ai ď ci ď bi, such that
(i) one has ∆prct ` 1, btsρtq
_ – ∆prai, cisρiq;
(ii) the representation
∆1 ˆ ¨ ¨ ¨ ˆ ∆prci ` 1, bisρiq ˆ ¨ ¨ ¨ ˆ ∆t´1
is pHp1,q1 , µaq -distinguished with p
1 “ p´ nt ` n
1
t{2 and q
1 “ q´ nt ` n
1
t{2.
Case B1. One has ct “ bt. The representation∆prat, ctsρtq “ ∆t is either the character
νa`pq´p`1q{2 or the character ν´a`pp´q`1q{2 of G1; and the representation
∆1 ˆ ¨ ¨ ¨ ˆ ∆t´1
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is pHp´1,q, µa`1{2q or pHp,q´1, µa´1{2q-distinguished, depending on ∆t.
Case B2. One has ct “ bt. The representation ∆t is Hnt{2,nt{2-distinguished, where nt
is even; and the representation
∆1 ˆ ¨ ¨ ¨ ˆ ∆t´1
is pHp´nt{2,q´nt{2, µaq-distinguished.
Case C. One has ct “ at ´ 1. There exists i P t1, 2, ¨ ¨ ¨ , t ´ 1u and an integer ci,
ai ď ci ď bi, such that
(i) one has ∆_t – ∆prai, cisρiq;
(ii) the representation
∆1 ˆ ¨ ¨ ¨ ˆ ∆prci ` 1, bisρiq ˆ ¨ ¨ ¨ ˆ ∆t´1
is pHp´nt ,q´nt , µaq-distinguished.
Proof. Write σ1 “ ∆1ˆ¨ ¨ ¨ˆ∆t´1 and σ2 “ ∆t, and k “ n´nt. By Corollary 5.2, in
its notation, there exists pr, sq P Ikp,q with defect d “ k´ r´ s such that the representation
rpk´d,dqσ1b rpd,n´k´dqσ2 of L is pLx, δQxδ
´1{2
Q
µ
η
aq-distinguished. By [Zel, 9.5], the Jacquet
module rpd,n´k´dqσ2 of σ2 is either zero or of the form ∆prct ` 1, btsρtq b ∆prat, ctsρtq
for certain integer ct with at ´ 1 ď ct ď bt. By [Zel, 1.2, 1.6], there exists a filtration
0 Ă V1 Ă ¨ ¨ ¨ Ă V “ rpk´d,dqσ1 such that each successive factor is equivalent to a
representation of the form
∆prc1 ` 1, b1sρ1q ˆ ¨ ¨ ¨ ˆ ∆prct´1 ` 1, bt´1sρt´1q b ∆pra1, c1sρ1q ˆ ¨ ¨ ¨ ˆ ∆prat´1, ct´1sρt´1q,
for certain integers ci such that ai ´ 1 ď ci ď bi, i “ 1, ¨ ¨ ¨ , t ´ 1. Therefore, there exists
integers ci, i “ 1, 2, ¨ ¨ ¨ , t, such that the pure tensor representation
t´1ź
i“1
∆prci ` 1, bisρiq b
t´1ź
i“1
∆prai, cisρiq b ∆prct ` 1, btsρtq b ∆prat, ctsρtq
is pLx, δQxδ
´1{2
Q
µ
η´1
a q-distinguished. By Corollary 4.4, we have
∆prct ` 1, btsρiq
_ –
t´1ź
i“1
∆prai, cisρiq.
By Lemma 5.3, ci “ ai ´ 1 for all but one i between 1 and t ´ 1. So, for this i, we have
∆prct ` 1, bisρiq
_ – ∆prai, cisρiq.(5.1)
Corollary 4.4 also implies that
∆prat, ctsρtq is pGp`s´k ˆGq`r´k, µa`ps´rq{2q-distinguished,(5.2)
and that
∆1 ˆ ¨ ¨ ¨ ˆ ∆prci ` 1, bisρiq ˆ ¨ ¨ ¨ ˆ ∆t´1
is pGr ˆGs, µa`pp´q`s´rq{2q-distinguished.(5.3)
When at ď ct ă bt, we have two subcases. If ct “ at and the degree of ρt equals to 1,
it follows from (5.2) that pp` s´ k, q` r´ kq “ p1, 0q or p0, 1q. By (5.3), (5.1) and simple
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calculations, we then have Case A1; Otherwise, the representation ∆prat, ctsρtq is not one
dimensional. Thus, in (5.2) we have p` s´ k ą 0 and q` r´ k ą 0. By Proposition 3.11,
we get that ∆prat, ctsρtq is Hn1t {2,n1t {2-distinguished with n
1
t its degree. The rest statements of
Case A2 follow from simple calculations. Thus we have Case A2.
When ct “ bt, we have two subcases. If ∆t is a character of G1, then by similar
arguments as in Case A1, we have Case B1. Otherwise, by similar arguments as in Case
A2, we have Case B2. In these two cases, we have d “ 0 and ci “ ai´1 by our convention.
When ct “ at ´ 1, by (5.2), we have p ` s ´ k “ q ` r ´ k “ 0. The statements of
Case C follow from (5.3), (5.1) and simple calculations. So we are done. Q.E.D.
We can get a simplified version of the above proposition that is less precise but still
useful in many applications of the geometric lemma.
Corollary 5.5. Let pi “ ∆1 ˆ ¨ ¨ ¨ ˆ ∆t be as above. If pi is pHp,q, µaq-distinguished
with p, q and a as above, then either the representation ∆t is the character ν
a`pq´p`1q{2 or
the character ν´a`pp´q`1q{2 of G1, or there is i P t1, 2, ¨ ¨ ¨ , tu such that ep∆tq
_ – bp∆iq.
Proof. Note that in all cases other than Case B1, we have a duality relation. Q.E.D.
With regard to the duality relation between extremities of segments, we have a slightly
more general proposition, whose proof is similar to that of Proposition 5.4 and is omitted
here.
Proposition 5.6. Let pi “ ∆1 ˆ ¨ ¨ ¨ ˆ ∆t and pi
1 “ ∆1
1
ˆ ¨ ¨ ¨ ˆ ∆1s be two produts of
essentially square-integrable representations. If pi ˆ pi1 is pHp,q, µaq-distinguished for two
nonnegative integers p, q, p ` q “ n and a P R, then there are two possibilities here:
(1). One has pi is pHp1 ,q1 , µa1q-distinguished and pi
1 is pHp2,q2 , µa2q-distinguished for
some pi, qi and ai, i “ 1, 2;
(2). There exist i between 1 and t, and j between 1 and s such that ep∆1
j
q_ – bp∆iq.
Finally, we have the following result on sufficient conditions for distinction of induced
representations due toMatringe [Mat4, Proposition 3.8]. It also follows directly from [Off,
Proposition 7.1] and Corollary 4.4.
Lemma 5.7. Let n1 “ 2m1 and n2 “ 2m2 be even integers, let a P R. Assume
that pi1 is pHm1,m1 , µaq-distinguished and pi2 is pHm2 ,m2 , µaq-distinguished. Then pi1 ˆ pi2
is pHm1`m2,m1`m2 , µaq-distinguished.
6. Distinction of ladder representations
6.1. Notations and basic facts. The class of ladder representations was first intro-
duced by Lapid and Minguez in [LM1], and was further studied by Lapid and his collabo-
rators in [KL] and [LM2]. We start by review some basic facts of these representations.
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6.1.1. Definitions. Let ρ P C . By a ladder we mean a set t∆1, ¨ ¨ ¨ ,∆tu P Oρ such
that
bp∆1q ą ¨ ¨ ¨ ą bp∆tq and ep∆1q ą ¨ ¨ ¨ ą ep∆tq.(6.1)
A representation pi P Irr is called a ladder representation if pi “ Lpmq where m P Oρ is a
ladder. Whenever we say that m “ t∆1, ¨ ¨ ¨ ,∆tu P Oρ is a ladder, we implicitly assume
that m is already ordered as in (6.1).
Lemma 6.1. If m P Oρ is a ladder, so is m
_ P Oρ_ . We have Lpmq
_ “ Lpm_q.
We introduce some more notation. For a ladder m “ t∆1, ¨ ¨ ¨ ,∆tu P Oρ ordered as
in (6.1) and pi “ Lpmq, we shall denote bp∆1q by bppiq, called the beginning of the ladder
representaion pi; denote ep∆tq by eppiq, called the end of pi. We shall denote htppiq “ t,
called the height of pi.
We say that pi is a decreasing (resp. increasing) ladder representation if
lp∆1q ě ¨ ¨ ¨ ě lp∆tq presp. lp∆1q ď ¨ ¨ ¨ ď lp∆tqq.
We say that pi is a left aligned (resp. right aligned) representation if bp∆iq “ bp∆i`1q ` 1
(resp. ep∆iq “ ep∆i`1q ` 1 ), i “ 1, ¨ ¨ ¨ , t ´ 1. Note that left aligned repreesentations are
decreasing ladder representations and right aligned representations are increasing ladder
representations.
A ladder representation is called an essentially Speh representation if it is both left
aligned and right aligned. Let ∆ be an essentially square-integrable representation of Gd
and k a positive integer. Then m1 “ tν
pk´1q{2
∆, νpk´3q{2∆, ¨ ¨ ¨ , νp1´kq{2∆u is a ladder, and
the ladder representation Lpm1q is an essentially Speh representation, which we denote by
Spp∆, kq. All essentially Speh representations can be obtained in this manner.
Let us further write ∆i “ ∆prai, bisρq. (The ai’s are integers by our convention.) By a
division of pi as two ladder representations pi1 and pi2, denoted by pi “ pi1 \ pi2, we mean
that there exist integers ci with ai ´ 1 ď ci ď bi, i “ 1, ¨ ¨ ¨ , t, such that
c1 ą c2 ą ¨ ¨ ¨ ą ct
and that
pi1 “ Lp∆pra1, c1sρq, ¨ ¨ ¨ ,∆prat, ctsρqq,
pi2 “ Lp∆prc1 ` 1, b1sρq, ¨ ¨ ¨ ,∆prct ` 1, btsρqq.
Note that if pi is an essentially Speh representation and pi “ pi1 \ pi2 with neither pi1 nor pi2
the trivial representation of G0, then we have bppiq “ bppi
1q and eppiq “ eppi2q.
6.1.2. Standard module. One useful property of ladder representations is that the re-
lation between them and their standard modules is explicit. Let m “ t∆1, ¨ ¨ ¨ ,∆tu P Oρ be
a ladder with ∆i “ ∆prai, bisqρ. Set
Ki “ ∆1 ˆ ¨ ¨ ¨ ˆ ∆i´1 ˆ ∆prai`1, bisρq ˆ ∆prai, bi`1sρq ˆ ∆i`1 ˆ ¨ ¨ ¨ ˆ ∆t,
for i “ 1, ¨ ¨ ¨ , t´ 1. (By our convention,Ki “ 0 if ai ą bi`1 ` 1). By [LM1, Theorem 1]
we have
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Proposition 6.2. With the above notation letK be the kernel of the projection λpmq Ñ
Lpmq. ThenK “
řt´1
i“1Ki.
6.1.3. Jacquet modules. The Jacquet modules of ladder representations were com-
puted in [KL, Corollary 2.2], where it is shown that the Jacquet module of a ladder rep-
resentation is semisimple, multiplicity free, and that its irreducible constituents are them-
selves tensor products of ladder representations. For us, we need only the Jacquet module
with respect to a maximal parabolic subgroup. We record the result in [KL] here. Let
P “ M ˙ U be the standard parabolic subgroup of Gn associated to pk, n ´ kq.
Proposition 6.3. Let m “ t∆1, ¨ ¨ ¨ ,∆tu P Oρ be a ladder with ∆i “ rai, bisρ, and
pi “ Lpmq. Then
rM,Gppiq “
ÿ1
pi“pi1\pi2
pi2 b pi1,
where the summation takes over all divisions of pi such that the degree of pi1 is n ´ k and
that the degree of pi2 is k.
6.1.4. Bernstein-Zelevinsky derivatives. The full derivative of a ladder representation
was computed in [LM1, Theorem 14], where it is shown that the semisimplification of all
of the derivatives of a ladder representation consists of ladder representations of smaller
groups. In particular, the derivatives of a left aligned representation take simple forms,
which we recall here.
Lemma 6.4. Let ρ P C pGdq, and m “ t∆1, ¨ ¨ ¨ ,∆tu P Oρ be a ladder with ∆i “
∆prai, bisρq. Suppose that pi “ Lpmq is a left aligned representation. If k is not divided by
d, then pipkq “ 0. If k “ rd, then
pipkq “ Lp∆pra1 ` r, b1sρq,∆2, ¨ ¨ ¨ ,∆tq.
6.2. Distinction of products of essentially Speh representations. In this section we
draw another consequence of Corollary 5.2 when applied to products of essentially Speh
representations. Note first that, as a consequence of Lemma 6.4, we have
Lemma 6.5. Let σ and pii be left aligned representations of Gn and Gni , i “ 1, ¨ ¨ ¨ , k.
If σ – pi1 ˆ ¨ ¨ ¨ ˆ pik, then we have k “ 1.
In view of Lemma 6.5 and the description of Jacquet modules of a ladder representa-
tion in Proposition 6.3, we can formulate the following proposition, whose proof is similar
to that of Proposition 5.4 and is omitted here.
Proposition 6.6. Let pi “ pi1 ˆ ¨ ¨ ¨ ˆ pit be a representation of Gn, where pii is a Speh
representation of Gni , i “ 1, ¨ ¨ ¨ , t. Assume that pi is pHp,q, µaq-distinguished with p, q two
nonnegative integers, p ` q “ n and a P R. Then there exist a division of pit as two ladder
representations pi1t and pi
2
t , pit “ pi
1
t \ pi
2
t , with degrees n
1
t and n
2
t respectively, such that one
of the following cases must hold:
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Case A. The representation pi1t is neither pit nor the trivial representation of G0. There
exists i0, 1 ď i0 ď t ´ 1, and a division of pii0 as two ladder representations pi
1
i0
and pi2
i0
,
pii0 “ pi
1
i0
\ pi2
i0
, such that
(i) pi1t is pHr,s, µa`pr´s`q´pq{2q-distinguished, for two nonnegative integers r, s ě 0,
r ` s “ n1t;
(ii) pi2_t – pi
1
i0
;
(iii) the representation
pi1 ˆ ¨ ¨ ¨ ˆ pii0´1 ˆ pi
2
i0
ˆ pii0`1 ˆ ¨ ¨ ¨ ˆ pit´1
is pHr1 ,s1 , µa`ps1´r1`p´qq{2q-distinguished, for two nonnegative integers r
1, s1 ě 0,
r1 ` s1 “ n´ nt ´ n
2
t .
Case B. One has pi1t “ pit is pHr,s, µa`pr´s`q´pq{2q-distinguished, for two nonnegative
integers r, s ě 0, r ` s “ nt, and the representation
pi1 ˆ ¨ ¨ ¨ ˆ pit´1
is pHr1,s1 , µa`ps1´r1`p´qq{2q-distinguished, for two nonnegative integers r
1, s1 ě 0, r1` s1 “
n´ nt.
Case C. The representation pi1t is the trivial representation of G0, so pi
2
t “ pit. There
exists i0, 1 ď i0 ď t ´ 1, and a division of pii0 as two ladder representations pi
1
i0
and pi2
i0
,
pii0 “ pi
1
i0
\ pi2
i0
, such that
(i) pi_t – pi
1
i0
;
(ii) the representation
pi1 ˆ ¨ ¨ ¨ ˆ pii0´1 ˆ pi
2
i0
ˆ pii0`1 ˆ ¨ ¨ ¨ ˆ pit´1
is pHr,s, µa`ps´r`p´qq{2q-distinguished, for two nonnegative integers r, s ě 0, r`
s “ n´ 2nt.
To apply this proposition, it is desirable to change the ordering of the representations
in the product. The commutativity of a product of two ladder representations was studied
by Lapid and Minguez in [LM2]. Here we present a special case of their results that is
sufficient for our purpose.
Lemma 6.7. Let ρ P C . Let m1,m2 P Oρ be two ladders, with m1 “ t∆1,1, ¨ ¨ ¨ ,∆1,t1u
and m2 “ t∆2,1, ¨ ¨ ¨ ,∆2,t2u. Suppose that Lpm1q is an essentially Speh representation and
Lpm2q is a right aligned representation. If ep∆1,t1q “ ep∆2,t2q and t2 ď t1, or ep∆1,t1q “
ep∆2,t2q and bp∆1,t1q ď bp∆2,t2q, then Lpm1q ˆ Lpm2q is irreducible and Lpm1q ˆ Lpm2q “
Lpm2q ˆ Lpm1q.
Proof. Note that the results in [LM2] are expressed in terms of Zelevinsky classifica-
tion. By the combinatorial description of Zelevinsky involution by Moeglin-Waldspurger
[MeJLW] (see also [LM1, §3.2]), we can rewrite the conditions in the lemma in terms
of the Zelevinsky involution mt
1
and mt
2
of m1 and m2. The assertion then follows from
Proposition 6.20 and Lemma 6.21 in [LM2]. Q.E.D.
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6.3. Distinction of essentially Speh representations. The aim of this section is to
prove Theorem 6.11 that generalizes Corollary 3.10 to the case of essentially Speh repre-
sentations. A key ingredient in its proof is Proposition 6.10 which also gives a proof of the
‘only if’ part of Theorem 1.1.
Proposition 6.8. Let pi be an essentially Speh representation of Gn which is not one
dimensional. Assume that pi is pHp,q, µaq-distinguished for two positive integers p, q with
p` q “ n and some a P R. Then pi is self-dual.
Proof. Write pi “ Lpmq with m “ t∆1, ¨ ¨ ¨ ,∆tu a ladder. Then ∆1 ˆ ¨ ¨ ¨ ˆ ∆t is
pHp,q, µaq-distinguished by our assumption. As pi is not one dimensional, the degree of ∆t
is not 1. Thus by Corollary 5.5, there exists i P t1, 2, ¨ ¨ ¨ , tu such that bp∆iq – ep∆tq
_.
We claim that i “ 1. If so, by Lemma 6.1, we see easily that pi is self-dual. In fact, if
otherwise i ą 1, we then apply Proposition 5.6 to pi1ˆpi2, where pi1 “ ∆1ˆ¨ ¨ ¨ˆ∆i´1 and
pi2 “ ∆i ˆ ¨ ¨ ¨ ˆ ∆t. We get either that bp∆ jq – ep∆i´1q
_ for some j P t1, 2, ¨ ¨ ¨ , i ´ 1u,
or that bp∆ jq – ep∆kq
_ for some j P t1, 2, ¨ ¨ ¨ , i ´ 1u and some k P ti, i ` 1, ¨ ¨ ¨ , tu. In
either case, this will contradict with the relation bp∆iq – ep∆tq
_. Q.E.D.
Proposition 6.9. Let pi be an essentially Speh representation of Gn which is not one
dimensional. If for some a P R, a ‰ 0, the representation pi is pHp,q, µaq-distinguished for
two positive integers p, q with p` q “ n. Then we have p “ q.
Proof. This follows easily from Proposition 6.8 and consideration of the central char-
acter of pi. Q.E.D.
Proposition 6.10. Let pi “ Spp∆, lq be an essentially Speh representation of Gn, where
∆ is an essentially square-integrable representaion of Gd, d ą 1, and l is a positive integer.
Assume that pi is Hp,q-distinguished or pHp,q, µ´1{2q for two positive integers p, q, p` q “
n. Then the degree d of ∆ is even, and ∆ is Hd{2,d{2-distinguished; also we have p “ q.
Proof. We prove this by induction on l. The case l “ 1 is implied by Proposition
3.11. Suppose that pi is pHp,q, µaq-distinguished with a “ 0 or ´1{2. By Proposition
6.8 we know that pi is self-dual, hence ∆ is also self-dual. In view of Lemma 3.1, we may
assume that p ě q. Now we have HomPnXHp,qppi, 1q ‰ 0. By [BZ, §3.5], the restriction pi|Pn
of pi to Pn has a filtration which has composition factors pΦ
`qi´1Ψ`ppipiqq, i “ 1, ¨ ¨ ¨ , h,
where piphq is the highest derivative of pi. We first analyze linear functionals on these factor
sapces using the theory of Bernstein-Zelevinsky derivatives.
(1) When i “ 2k is even. If q ą k and p ą k ´ 1, by applying (3.3) repeatly, we have
HomPnXHp,qppΦ
`qi´1Ψ`ppipiqq, µaq – HomPn´i`1XHq´k,p´k`1pΨ
`ppipiqq, µ´a´1{2q(6.2)
– HomHq´k,p´kpν
1{2pipiq, µ´a´1{2q.
Otherwise, there exists i0 ě 0 such that
HomPnXHp,qppΦ
`qi´1Ψ`ppipiqq, µaq – HomPn´i`i0`1ppΦ
`qi0Ψ`ppipiqq, µa1q,(6.3)
where a1 “ a or ´a´ 1{2 depending on i0 odd or even.
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(2) When i “ 2k ` 1 is odd. If q ą k and p ą k, by applying (3.3) repeatly, we have
HomPnXHp,qppΦ
`qi´1Ψ`ppipiqq, µaq – HomPn´i`1XHp´k,q´kpΨ
`ppipiqq, µaq(6.4)
– HomHp´k,q´k´1pν
1{2pipiq, µaq.
Otherwise, there exists i0 ě 0 such that
HomPnXHp,qppΦ
`qi´1Ψ`ppipiqq, µaq – HomPn´i`i0`1ppΦ
`qi0Ψ`ppipiqq, µa1q,(6.5)
where a1 “ a or ´a´ 1{2 depending on i0 even or odd.
We claim that the factor spaces corresponding to non-highest derivatives contribute
nothing, that is, we have
HomPnXHp,qppΦ
`qi´1Ψ`ppipiqq, µaq “ 0, for all 1 ď i ă h.(6.6)
We shall discuss separately according to i is even or odd, a “ 0 or ´1{2. Note
first that, by Lemma 6.4, when 1 ď i ă h, the i-th derivative pipiq is either 0 or a ladder
representation of the form
Lp∆1 ˆ ν
pl´3q{2
∆ˆ ¨ ¨ ¨ ˆ νp1´lq{2∆q,(6.7)
where the segement of ∆1 is a proper subsegment of that of ν
pl´1q{2
∆ with the same end.
In particular, pipiq is either 0 or an irreducible representation. Thus, if we are in the case
where (6.3) or (6.5) is true, then
HomPnXHp,qppΦ
`qi´1Ψ`ppipiqq, µaq – HomPn´i`i0`1ppΦ
`qi0Ψ`ppipiqq, µa1q
“ 0,
as the representation pΦ`qi0Ψ`ppipiqq is either 0 or an irreducible representation of Pn´i`i0`1
that is not one dimensional by [BZ, 3.3 Remarks].
Now we deal with the case where (6.2) or (6.4) is true. Note that, from (6.7), we know
that ν1{2pipiq is either 0 or the unique irreducible quotient of ν1{2∆1 ˆ Spp∆, l ´ 1q. We
discuss as follows.
Case (1) where a “ 0 and i “ 2k is even. By (6.2), it suffices to show that
HomHq´k,p´kpν
1{2
∆1 ˆ Spp∆, l´ 1q, µ´1{2q “ 0.(6.8)
Assume, on the contrary, that ν1{2∆1ˆSpp∆, l´1q is pHq´k,p´k, µ´1{2q-distinguished. Note
that none of the ends of the segments of Spp∆, l ´ 1q is dual to the beginning of ν1{2∆1.
Thus, by Proposition 6.6, we have that ν1{2∆1 is pHr,s, µps´p´r`q´1q{2q-distinguished and
Spp∆, l ´ 1q is pHq´k´r,p´k´s, µps´r´1q{2q-distinguished. (Case A and Case C are elimi-
nated.) If the degree of ν1{2∆1 is greater than 1, then ν
1{2
∆1 is self-dual by Proposition
3.11. This is absurd because the central character of ν1{2∆1 has positive real part; If the
degree of ν1{2∆1 is 1, then pr, sq “ p1, 0q or p0, 1q. If r “ 1 and s “ 0, then Spp∆, l ´ 1q
is pHq´k´1,p´k, µ´1q-distinguished. Thus we have p “ q ´ 1 by Proposition 6.9. This
is absurd as we have assumed that p ě q; If r “ 0 and s “ 1, then Spp∆, l ´ 1q is
pHq´k,p´k´1, 1q-distinguished. So, by induction hypothesis, we have p ´ 1 “ q. This
forces ν1{2∆1 “ ν
1{2, that is epνpl´1q{2∆q “ 1, the trivial character of G1. This is impossi-
ble as ∆ is self-dual and its degree d is greater than 1.
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Case (2) where a “ 0 and i “ 2k` 1 is odd. In this case we see easily that
HomHp´k,q´k´1pν
1{2pipiq, 1q “ 0,(6.9)
as the central character of ν1{2pipiq has positive real part when i ă h.
The arguments for the remaining two cases where a “ ´1{2, i is even or odd are
similar to that of the above two cases; and we omit here. So we have proved (6.6).
By Lemma 6.4, we know that the highest derivative of pi is pipdq and ν1{2pipdq “
Spp∆, l´ 1q. Now we have
HomPnXHp,qppΦ
`qd´1Ψ`ppipdqq, µaq ‰ 0,(6.10)
where a “ 0 or ´1{2. We use once again the theory of derivatives to analyze the left hand
side of (6.10). Recall that we have already assumed p ě q. By similar analysis as above,
the only possible case is when (6.2) is true, that is, d is even and
HomPnXHp,qppΦ
`qi´1Ψ`ppipdqq, µaq – HomHq´k,p´kpSpp∆, l´ 1q, µ´a´1{2q.
Note that when a “ 0 or ´1{2, ´a ´ 1{2 “ ´1{2 or 0. Thus we are done by induction
hypothesis.
Q.E.D.
Combining Proposition 6.9 and 6.10, we get the following generalization of Corollary
3.10.
Theorem 6.11. Let pi be an essentially Speh representation of Gn that is not one di-
mensional. If pi is pHp,q, µaq-distinguished for two positive integers p, q with p ` q “ n
and a P R, then we have p “ q.
The following result, which is a consequence of the result of Gan, relates the study of
linear periods and Shalika periods for essentially Speh representations.
Proposition 6.12. Let pi be an essentially Speh representation of G2m that is not one
dimensional. Write pi “ Lpmq with m “ t∆1, ¨ ¨ ¨ ,∆tu P Oρ and ρ P C . For a P R, assume
that the character νa or ν´a of G1 does not belong to the set
S “ tν´1{2bp∆tq, ν
´1{2bp∆t´1q, ¨ ¨ ¨ , ν
´1{2bp∆1qu.
Then the followings are equivalent:
(1) pi is pHm,m, µaq-disintuished;
(2) pi is pS n, ψS nq-distinguished.
In particular, if pi is pHm,m, µaq-distinguished, then pi is Hm,m-distinguished.
Proof. In either (1) or (2), the representation pi is self-dual by Proposition 6.8 and
work of Jacquet-Rallis [JR], which we assume is the case. By the argument in the proof
of Corollary 3.6, it suffices to show that Θppνapiq_q “ νapi. By [FSX, Corollary 1.5], it
suffices to show that the Godement-Jacquet L-function Lps, νapiq or Lps, ν´apiq does not has
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a pole at s “ 1{2. By the computations in [JPSS], we have
Lps, ν˘apiq “
tź
i“1
Lps, ν˘aep∆iqq “
tź
i“1
Lps, ν˘abp∆iq
_q.(6.11)
The last equality in (6.11) comes from the self-dualness property of pi. We know that, for a
cuspidal representation ρ1 ofGd, the L-function Lps, ρ
1q has a pole at s “ 1{2 if and only if
d “ 1 and ρ1 “ ν´1{2. It follows easily that the L-function Lps, νapiq (resp. Lps, ν´apiq) has
a pole at s “ 1{2 if and only if the character νa (resp. ν´a) of G1 belongs to S . Q.E.D.
6.4. Distinguished left aligned representations. The main result of this section is
Theorem 6.18, which asserts that under certain restrictions on p, q and a, pHp,q, µaq-
distinguished left aligned representations (or right aligned representations by symmetry)
are essentially Speh. The reader is advised to skip this section for the first reading, go
directly to the proof of the classification of distinguished unitary representations of Arthur
type in Theorem 7.3, and then read this section when necessary.
Proposition 6.13. Let ρ P C pGdq, d ą 1, and m “ t∆1, ¨ ¨ ¨ ,∆tu P Oρ be a ladder.
Assume that pi “ Lpmq is a decreasing or an increasing ladder representation of Gn. If pi
is pHp,q, µaq-distinguished for two nonnegative integers p, q, p ` q “ n and some a P R,
then all the lp∆iq’s are the same. Moreover, pi is self-dual.
Proof. In view of Lemma 3.1, we may assume that lp∆1q ď lp∆2q ď ¨ ¨ ¨ ď lp∆tq. If p
or q is zero, then pi is a one dimensional representation of Gn, hence all lp∆iq are 1. So we
assume that p, q ą 0. By our assumption, the representation ∆1 ˆ ¨ ¨ ¨ ˆ ∆t is pHp,q, µaq-
distinguished. We now appeal to Proposition 5.4. Write ∆i “ ∆prai, bisρq, i “ 1, 2, ¨ ¨ ¨ , t.
Note that by our assumption that d ą 1, Case A1 and Case B1 cannot happen.
Case A2. In this case We have at ď ct ă bt, and ∆prat, ctsρq is self-dual. Thus
we have νatρ – ν´ctρ_, and consequently pat ` ctqd ` 2Re pwρq “ 0. We also have
∆prct ` 1, btsρq
_ – ∆prai, cisρq for some i ă t and ci ě ai. Thus we get ν
aiρ – ν´btρ_,
and then pai ` btqd ` 2Re pwρq “ 0. But this is absurd because ai ą at and bt ą ct.
Case B2. In this case we have ct “ bt, and ∆prat, btsρq is self-dual. Thus we have
νatρ – ν´btρ_, and consequently pat`btqd`2Re pwρq “ 0. We also have ∆1ˆ¨ ¨ ¨ˆ∆t´1
is pHp1 ,q1 , µa1q-distinguished for some p
1, q1 and a1. If t “ 1, there is nothing to be proved.
If t ą 1, by Corollay 5.5, we get that pνbt´1ρq_ – νaiρ for some 1 ď i ď t ´ 1. Thus we
get pai ` bt´1qd ` 2Re pwρq “ 0. This is absurd because ai ą at and bt´1 ą bt.
So the only possible case is Case C. We then have ∆prat, btsq
_ – ∆prai, cisq for i ă t
and certain ai ď ci ď bi. Note that, by our assumption, we have lp∆iq ď lp∆tq. Thus we
have lp∆iq “ lp∆tq. We claim that i “ 1. If this is the case, then all lp∆iq’s will be the same
by our assumption. Indeed, if i ą 1, consider the pHp,q, µaq-distinguished representaion
p∆1 ˆ ¨ ¨ ¨ ˆ ∆i´1q ˆ p∆i ˆ ¨ ¨ ¨ ˆ ∆tq.
By Propostion 5.6, either we have ep∆i´1q
_ – bp∆aq with 1 ď a ď t ´ 1, or we have
ep∆cq
_ – bp∆bq with 1 ď b ď t ´ 1 and i ď c ď t. We then get a contradiction as in Case
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A2 or B2. The assertion on the self-dualness property follows from a repeated analysis as
above. Q.E.D.
If we drop the assumption that d ą 1, the situation is complicated by the possible
occurrence of Case A1 or Case B1. However, we still have the following result on the
shape of right aligned representations when it is distinguished.
Proposition 6.14. Let ρ be a character of G1, and m P Oρ be a ladder. Assume that
pi “ Lpmq is a right aligned representation of Gn. If pi is pHp,q, µaq-distinguished for two
nonnegative integers p, q, p ` q “ n and some a P R, then either
(1) we have
m “ t∆1, ¨ ¨ ¨ ,∆i1 ,∆i1`1, ¨ ¨ ¨ ,∆i1`i2 ,∆i1`i2`1, ¨ ¨ ¨ ,∆i1`i2`i3u(6.12)
with i1, i2 and i3 ě 0, such that lp∆kq “ 1 when 1 ď k ď i1, lp∆i1`kq “ l ą 1 when
1 ď k ď i2, lp∆i1`i2`kqq “ l` 1 when 1 ď k ď i2, and that ep∆i1`i2`i3q
_ – bp∆i1`1q (See
Figure 1 for an example),
or
(2) we have
m “ t∆1, ¨ ¨ ¨ ,∆i1 ,∆i1`1, ¨ ¨ ¨ ,∆i1`i2u(6.13)
with i1 and i2 ą 0, such that lp∆kq “ 1 when 1 ď k ď i1, lp∆i1`kq “ 2 when 1 ď k ď i2,
and that ep∆i1`i2q
_ – bp∆1q (See Figure 2 for an example).
Proof. Write m “ t∆1, ¨ ¨ ¨ ,∆tu. If lp∆tq “ 1, then pi is a one dimensional repre-
sentation and m is of the form (6.12) with i2 “ i3 “ 0. If lp∆tq “ lp∆1q “ 2, then pi is
an essentially Speh representation. It follows from Proposition 6.8 that m is of the form
(6.12) with i1 “ i3 “ 0. If lp∆tq “ 2 and lp∆1q “ 1, then pi can be realized as the unique
irreducible quotient of pi1 ˆ pi2, where pi1 is a one dimensional representation and pi2 is an
essentially Speh representation of length 2. Thus pi1 ˆ pi2 is pHp,q, µaq-distinguished. By
Proposition 6.6, either m is of the form (6.13) (Case A), or of the form (6.12) with i3 “ 0,
i1 ą 0, i2 ą 0 and l “ 2 (Case B and Proposition 6.8). Note that here Case C is impossible
by our assumption on pi1 and pi2. If lp∆tq ą 2, then we apply Proposition 5.4 to the product
∆1 ˆ ¨ ¨ ¨ ˆ ∆t and discuss case by case. Note first that Case A2 cannot happen by similar
arguments as those in Proposition 6.13; Case B1 cannot happen by our assumption on ∆t.
If in the remaining cases, it follows from Corollary 5.5 and arguments similar to those in
Proposition 6.13 that m is of the form (6.12). Q.E.D.
As shown by Proposition 6.14, distinguished left aligned representations need not be
essentially Speh in general. Fortunately, after imposing certain conditions on p, q, and a,
we can show that distinguished left aligned representations (or right aligned representations
by symmetry) are essentially Speh.
The following lemma is a simple consequence of Lemma 3.2.
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˝
‚ ˝
˝ ˝ ˝
˝ ˝ ‚
Figure 1. An example of a ladder of the form (6.12) with i1 “ i2 “ 1 and i3 “ 2
‚
˝
˝ ˝
˝ ‚
Figure 2. An example of a ladder of the form (6.13) with i1 “ 2 and i2 “ 2
Lemma 6.15. Let pi be a one dimensional representation of Gn. If pi is pHp,q, µpq´pq{2q-
distinguished with p` q “ n, then pi is either the trivial character 1 of Gn or the character
ν´n{2 of Gn. In particular, bppiq is either ν
pn´1q{2 or ν´1{2 (of G1).
Lemma 6.16. Keep the notation as in Proposition 6.14, let pi “ Lpmq with m of the
form (6.13) (see Figure 2). Then pi cannot be pHp,q, µpq´pq{2q-distinguished.
Proof. We assume on the contrary that pi is pHp,q, µpq´pq{2q-distinguished. Note that
pi can be realized as the unique quotient of pi1 ˆ pi2, where pi1 is a one dimensional repre-
sentation, pi2 is an essentially Speh representation of length 2, and eppi2q – bppi1q
_. Thus,
pi1 ˆ pi2 is pHp,q, µpq´pq{2q-disintuished. By Proposition 6.6, there exist divisions of pi1 and
pi2, pi1 “ pi
1
1
\ pi2
1
and pi2 “ pi
1
2
\ pi2
2
respectively, such that, among other things, pi2
1
is
pHr,s, µps´rq{2q-distinguished for two nonnegative integers r and s. Note that pi
1
1
is not the
trivial representation ofG0 by our assumption and Proposition 6.8. We shall discuss further
according to the value of r and s.
(1) If exactly one of r and s is 0, then pi2
1
is the character ν´n
2
1
{2 of Gn2
1
. Thus bppi2
1
q “
ν´1{2, eppi1
1
q “ ν1{2. By Proposition 6.6, we also have pi1_
1
– pi2
2
. Thus bppi2
2
q “ eppi1
1
q_ “
ν´1{2 “ bppi2
1
q, which is absurd.
(2) If r ą 0 and s ą 0, then pi2
1
is the character 1 of G2r. Thus bppi
2
1
q “ νr´1{2 and
eppi2
1
q “ ν´r`1{2. By Proposition 6.6, we have pi1_
1
– pi2
2
. Thus we have bppi2
2
q “ ´r´1{2.
This implies that pi1
2
is also a one dimensional representation which is pHr1,s1 , µps1´r1q{2q-
distinguished for certain nonnegative integers r1 and s1. By Lemma 6.15, we have that
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bppi1
2
q “ νpn
1
2
´1q{2 or ν´1{2, which contradicts with the fact that bppi1
2
q ă ν´r´1{2 with r a
positive integer.
(3) If r “ s “ 0, we have two subcases according to whether pi1
2
is a one dimensional
representaiton or not. If it is, one can easily check that bppi1
2
q “ ν´3{2, which will con-
tradicts with Lemma 6.15. If it is not, we see that the contragredient of pi1
2
corresponds to
a ladder of the form (6.13). By the proof of Proposition 6.14, we have bppi1
2
q_ is either
bppi2
2
q ` 1 or eppi2
2
q ´ 1. But, note that bppi1
2
q “ eppi1
1
q ´ 2. It follows from the rela-
tion pi1_
1
– pi2
2
that bppi1
2
q_ “ bppi2
2
q ` 2. This is absurd as pi2
2
is one dimensional and
bppi2
2
q ą eppi2
2
q. Q.E.D.
Proposition 6.17. Let ρ be a character of G1, and m P Oρ be a ladder. Assume that
pi “ Lpmq is a left aligned representation of Gn. If pi is pHp,q, µpp´qq{2q-distinguished for
two nonnegative integers p, q, p` q “ n, then pi is an essentially Speh representation.
Proof. The case where one of p, q is zero is clear, so we assume p and q are two
positive integers. We may further assume that p ď q by Lemma 3.1. By considering the
contragredient pi_ “ Lpm_q, we see from Lemma 6.16 that m_ is of the form (6.12). So,
we may write
m “ t∆1, ¨ ¨ ¨ ,∆i1 ,∆i1`1, ¨ ¨ ¨ ,∆i1`i2 ,∆i1`i2`1, ¨ ¨ ¨ ,∆i1`i2`i3u
with i1, i2 and i3 ě 0, such that lp∆kq “ l1 ą 2 when 1 ď k ď i1, lp∆i1`kq “ l1 ´ 1 when
1 ď k ď i2, lp∆i1`i2`kqq “ 1 when 1 ď k ď i3, and that ep∆i1`i2q
_ – bp∆1q.
We may as well assume that i1 and i2 are not all zero. Our first step is to show that
i3 “ 0. If not so, we realize pi, in the obvious way, as the unique irreducible quotient of
pi1ˆpi2ˆpi3 with pii an essentially Speh representation for each i, such that pi3 is a character
of Gn3 , n3 ą 0, and that at least one of pi1 and pi2 is not the trivial representation of G0.
By our assumption on pi, the representation pi1 ˆ pi2 ˆ pi3 is pHp,q, µpp´qq{2q-distinguished.
Now we appeal to Propositio 6.6. Note that as i3 ą 0, ep∆i1`i2`i3q is not dual to bp∆1q
or bp∆i1`1q. We can conclude that pi3 is pHr,s, µpr´sq{2q-distinguished with respect to two
nonnegative integers r and s. (Case A and Case C are eliminated.) By Lemma 6.15,
pi3 is either the trivial represntation 1 of Gn3 or the character ν
n3{2 of Gn3 . In particular,
bp∆i1`i2`1q “ ν
pn3´1q{2 or νn3´1{2. But this will contradict with the fact that ep∆i1`i2q
_ –
bp∆1q.
Our next step is to show that i1 “ 0 or i2 “ 0. Assume on the contrary that i1 ą 0
and i2 ą 0. By our assumption on pi, the representation pi
_ “ Lpm_q is pHp,q, µpq´pq{2q-
distinguished. Thus, the representation
∆
_
i1`i2
ˆ ¨ ¨ ¨ ˆ ∆_i1`1 ˆ ∆
_
i1
ˆ ¨ ¨ ¨ ˆ ∆_1
is pHp,q, µpq´pq{2q-distinguished. By Proposition 5.4, we deduce that bp∆
_
1
q – ep∆1q
_
is the character νq´p`1{2 or νp´q`1{2 of G1. (This is the consequence of Case A1; Case
A2 and Case B2 are eliminated by arguments similar to that in Proposition 6.13; Case
B1 and Case C are eliminated by our assumptions.) It follows easily from the condition
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bp∆1q – ep∆i1`i2q
_ and the assumption p ď q that ep∆1q
_ “ νp´q`1{2. Hence we have
ep∆1q “ ν
q´p´1{2.
We show that i1 “ q´ p and ep∆i1q “ ν
1{2 by consideration on the central character of
pi. In fact, on the one hand, we see from the assumption onm and the fact ep∆1q “ ν
q´p´1{2
that the central character wpi of pi is ν
a where a “ pq ´ pqi1 ´ i
2
1
{2; on the othe hand, as
pi is pHp,q, µpp´qq{2q-distinguished, we have wpi “ ν
a1 where a1 “ pq ´ pq2{2. Thus the
assertion follows. Also, from the fact that ep∆i1`i2q
_ – bp∆1q, we get that bp∆1q “ ν
i2`1{2.
Thus, lp∆1q “ q´ p´ i2 ą 2, in particular i1 ą i2.
Now, as in the first step, we have that pi1 ˆ pi2 is pHp,q, µpp´qq{2q-distinguished, where
pi1 “ Lp∆1, ¨ ¨ ¨ ,∆i1q and pi2 “ Lp∆i1`1, ¨ ¨ ¨ ,∆i1`i2q. We appeal to Proposition 6.6 again,
and claim that Case A and Case B cannot happen. In fact, if Case A or Case B happens,
there will be a division of pi2 as pi
1
2
and pi2
2
, where pi1
2
is not the trivial representation of
G0, such that pi
1
2
is pHr,s, µpr´sq{2q-distinguished for two nonnegative integers r and s. In
particular, the central character wpi1
2
of pi1
2
has nonnegative real part. But this will contradict
with the fact that ep∆i1`1q “ ν
´3{2. So, there exists a division of pi1 as two ladder repre-
sentations pi1
1
and pi2
1
such that pi2 – pi
1_
1
and that pi2
1
is pHp´n2,q´n2 , µpp´qq{2q-distinguished.
Note that pi2
1
is a right aligned representation, and is not a one dimensional representation
due to the fact that i1 ą i2. By Proposition 6.14, we then get a contradiction as we can
check easily that the ladder m2
1
of pi2
1
is not of the form (6.12) or (6.13). Q.E.D.
Finally, combining Proposition 6.13 and 6.17, we get
Theorem 6.18. Let pi be a left aligned (resp. right aligned) representation of Gn. If pi
is pHp,q, µpp´qq{2q (resp. pHp,q, µpq´pq{2q)-distinguished for two nonnegative integers p, q,
p` q “ n, then pi is an essentially Speh representation.
7. Distinction in the unitary dual
7.1. The case of Speh representations. We now classify distinguished Speh repre-
sentations in terms of distinguished discrete series. In fact, we will do it for essentially
Speh representations.
Theorem 7.1. Let n “ 2m, and Spp∆, kq be an essentially Speh representation of Gn,
where ∆ is an essentially square-integrable representation of Gd with d ą 1, and k is
a positive integer. Then Spp∆, kq is Hm,m-distinguished if and only if d is even and ∆ is
Hd{2,d{2-distinguished.
Proof. One direction has been proved in Proposition 6.10. We now assume that d is
even and that ∆ is Hd{2,d{2-distinguished. By [Off, Proposition 7.2], which is based on the
work of Blanc and Delorme [BD], the representation
νpk´1q{2∆ˆ νpk´3q{2∆ˆ ¨ ¨ ¨ ˆ νp1´kq{2∆(7.1)
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is Hm,m-distinguished. (The distinguishedness of ∆ is unnecessary when k is even).We have
the following exact sequence of representations of Gn,
0Ñ K Ñ νpk´1q{2∆ˆ νpk´3q{2∆ˆ ¨ ¨ ¨ ˆ νp1´kq{2∆Ñ Spp∆, kq Ñ 0,(7.2)
where the kernelK “
řk´1
i“1 Ki is given explicitly in Proposition 6.2. To show that Spp∆, kq
is Hm,m-distinguished, it suffices to show that each Ki is not Hm,m-distinguished. Write the
representation (7.1) as ∆pra1, b1sρq ˆ ¨ ¨ ¨ ˆ ∆prak, bksρq, here the cuspidal representation ρ
is taken to be self-dual and thus ai and bi, i “ 1, 2, ¨ ¨ ¨ , k need not be integers. So we have
ai`1 “ ai ´ 1, bi`1 “ bi ´ 1, i “ 1, ¨ ¨ ¨ , k´ 1
ai ` bk`1´i “ 0, i “ 1, ¨ ¨ ¨ , k.
We further omit the subscript ρ in the sequel. Recall that, by Proposition 6.2,
Ki “ ∆pra1, b1sq ˆ ¨ ¨ ¨ ˆ ∆prai`1, bisq ˆ ∆prai, bi`1sq ˆ ¨ ¨ ¨ ˆ ∆prak, bksq.
If i`1 ď pk`1q{2 andKi is Hm,m-distinguished, by applying Proposition 5.4 repeatly,
we get that ∆prai`1, bisqˆ∆prai, bi`1sqˆ ¨ ¨ ¨ˆ∆prak`1´i, bk`1´isq is Hm1,m1-distinguished
for certainm1. (In each step, only Case C is possible.) When we apply Proposition 5.4 once
again, still, only Case C is possible. But this is absurd as lp∆prai, bi`1sqq ă lp∆q. Similar
arguments can show that Ki is not Hm,m-distinguished if i ě pk ` 1q{2.
The remaining case is when k is even and i “ k{2. In what follows, to save notation,
we sometimes write H-distinguished for Hm1,m1-distinguished when there is no need to
address m1. If Ki is Hm,m-distinguished, by applying Proposition 5.4 repeatly, we get that
∆prai`1, bisqˆ∆prai, bi`1sq is H-distinguished. This in turn implies that both ∆prai`1, bisq
and ∆prai, bi`1sq are H-distinguished by Proposition 5.6. Let us write ∆ “ Stpρ, lq. Then
by our assumption on i, we have ∆prai, bi`1sq “ Stpρ, l´1q and ∆prai`1, bisq “ Stpρ, l`1q.
By [Mat2, Theorem 6.1], we can conclude that Stpρ, lq is H-distinguished if and only if
Stpρ, l´1q (or Stpρ, l`1q) is not H-distinguished. Actually, as ρ is self-dual, the L-function
Lps, φpρq b φpρqq has a simple pole at s “ 0, where φpρq is the Langlands parameter of ρ.
By the factorization
Lps, φpρq b φpρqq “ Lps,Λ2 ˝ φpρqq ¨ Lps, Sym2 ˝ φpρqq,
we know that exactly one of the symmetric or exterior square L-factors of ρ has a pole at
s “ 0. The above conclusion then follows from [Mat2, Theorem 6.1] where distinction of
Stpρ, lq is related to the pole of symmetric or exterior square L-facotrs of ρ according to l
is even or odd. Thus by our assumption that ∆ is Hd{2,d{2-distingusihed, we get that Ki is
not Hm,m-distinguished. So we are done. Q.E.D.
7.2. The general case. We start with an auxiliary result, which is needed in one step
of the proof of Theorem 7.3.
Proposition 7.2. Let pi “ pi1ˆ¨ ¨ ¨ˆpit be an irreducible unitary representation of G2m
with each pii a Speh representation. Let h be a positive integer. Assume that, for all of those
pii such that suppppiiq is contained in the cuspidal line Zν
´1{2, we have bppiiq ď ν
h´1{2. If
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the representation pi ˆ ν´h{2 is pHm,m`h, µh{2q-distinguished, where ν
´h{2 is viewed as a
representation of Gh, then pi is Hm,m-distinguished.
Proof. A crucial fact, on which we rely, is that pi is a commutative product of Speh
representations. We may arrange the ordering of representations in the product and rewrite
pi “ σ1 ˆ ¨ ¨ ¨ ˆ σr ˆ pi1 ˆ ¨ ¨ ¨ ˆ pik,
where these pii, i “ 1, ¨ ¨ ¨ , k, are all the representations appeared in the Tadic´ decomposi-
tion of pi with bppiiq “ ν
h´1{2. We prove the statement by induction on k.
As the representation pi ˆ ν´h{2 is pHm,m`h, µh{2q-distinguished, by Proposition 6.6,
there exist two representations σ1 and σ2 of dimension one, ν´h{2 “ σ1 \ σ2, such that,
among other things, σ1 is pHa,b, µh`pa´bq{2q-distinguished for two nonnegative integers a
and b.
(1). If σ1 is not the trivial representation ofG0, that is, a and b are not all zero, we have
three cases. If a ą 0 and b ą 0, then by Lemma 3.2, σ1 must be the trivial representation
1 of Ga`b. This is absurd as we have bpσ
1q “ ν´1{2; If a ą 0 and b “ 0, then σ1 is the
character νh`a{2 of Ga. Thus bpσ
1q “ νh`a´1{2 which is absurd; If a “ 0 and b ą 0, we
see easily that a “ 0 and b “ h, that is, σ1 is the character ν´h{2 of Gh. So, it follows from
Proposition 6.6 Case B, that pi is Hm,m-distinguished.
(2). If σ1 is the trivial representaion of G0, then we are in Case C of Proposition 6.6.
Note that when k “ 0, as none of bpσ jq equals to ν
h´1{2 by our assumption, Case C cannot
happen. Thus, by arguments in (1), we have proved the statement for k “ 0. If k ą 0 and
σ1 is the trivial representaion of G0, then by Proposition 6.6, there exists i, 1 ď i ď k and
two ladder representations pi1
i
and pi2
i
, pii “ pi
1
i
\ pi2
i
, such that pi1
i
is the character νh{2 of Gh
and the representation
σ1 ˆ ¨ ¨ ¨ ˆ σr ˆ pi1 ˆ ¨ ¨ ¨ ˆ pii´1 ˆ pi
2
i ˆ pii`1 ˆ ¨ ¨ ¨ ˆ pik(7.3)
is pHm´h,m, µh{2q-distinguished. We have two subcases. If pii is one dimensional, then pii
must be the trivial representaion 1 of G2h as we have bppiiq “ ν
h´1{2. Thus pi2
i
is the
character ν´h{2 of Gh. By Lemma 6.7, we know that ν
´h{2 ˆ pi j “ pi j ˆ ν
´h{2 for j “
1, ¨ ¨ ¨ , k. So we move pi2 to the end of the product (7.3) and get by induction hypothesis
that
σ1 ˆ ¨ ¨ ¨ ˆ σr ˆ pi1 ˆ ¨ ¨ ¨ ˆ pii´1 ˆ pii`1 ˆ ¨ ¨ ¨ ˆ pik
is Hm´h,m´h-distinguished. By adding pii “ 12h, we get that pi is Hm,m-distingusihed. If
otherwise pii is not one dimensional, we can also move pi
2
i
to the end of the product (7.3)
by Lemma 6.7. By passing to the contragredient, we get that the representation
σ_1 ˆ ¨ ¨ ¨ ˆ σ
_
r ˆ pi
_
1 ˆ ¨ ¨ ¨ ˆ pi
_
i´1 ˆ pi
_
i`1 ˆ ¨ ¨ ¨ ˆ pi
_
k ˆ ppi
2
i q
_(7.4)
is pHm,m´h, µ´h{2q-distinguished. We claim that this is impossible, and thus we are done.
Indeed, we realize the representation (7.4) in a natural way as a quotient of products of
essentially square-integrable representations, which is then pHm,m´h, µ´h{2q-distinguished.
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Note that epppi2
i
q_q “ ν´h´1{2. This product of essentially square-integrable representa-
tion cannot be pHm,m´h, µ´h{2q-distinguished by Corollary 5.5 and our assumption on the
representation pi. Q.E.D.
Theorem 7.3. Let pi be an irreducible unitary representation of G2m of Arthur type.
Then pi is Hm,m-distinguished if and only if pi is of the form
pσ1 ˆ σ
_
1 q ˆ ¨ ¨ ¨ ˆ pσr ˆ σ
_
r q ˆ σr`1 ˆ ¨ ¨ ¨ ˆ σs.(7.5)
where each σi is a Speh representation for i “ 1, ¨ ¨ ¨ , r, and each representation σ j is
Hm j,m j -distinguished for some positive integer m j, j “ r ` 1, ¨ ¨ ¨ , s.
Proof. By the work of Blanc and Delorme [BD], we know that σ j ˆ σ
_
j
is Hm j ,m j -
distinguished with m j the degree of σ j, j “ 1, ¨ ¨ ¨ , r. One direction then follows from
Lemma 5.7. Write pi “ pi1 ˆ ¨ ¨ ¨ ˆ pit to be the Tadic´ decomposition of pi. We prove
the other direction by induction on t. The case t “ 1 is obvious. In general, as pi is a
commutative product, we order these pii in the following way: We first group these pii by
cuspidal supports. Namely, representations with cuspidal supports contained in the union
of one cuspidal line and its contragredient are put in the same group. The ordering of
the groups can be arbitrary. For representations within the same group, if their cuspidal
supports are contained in one cuspidal line, we arrange the ordering such that when i ă j,
we have either bppiiq ă bppi jq, or bppiiq “ bppi jq and htppiiq ď htppi jq; if their cuspidal
supports are contained in two different cuspidal lines, we arrange the ordering such that
when i ă j, we have htppiiq ď htppi jq.
By our assumption, pi is Hm,m-distinguished. We apply Propositon 6.6 and discuss case
by case.
Case A. There exists a division of pit, pit “ pi
1
t\pi
2
t , where pi
1
t is neither pit nor the trivial
representation of G0, such that, among other things, pi
1
t is pHr,s, µpr´sq{2q-distinguished for
two nonnegative integers r and s. We have two subcases.
(1) The representation pi1t is not one dimensional. By Theorem 6.18, we know pi
1
t is an
essentially Speh representation. So, by Theorem 6.11, we have r “ s. That is, pi1t
is Hr,r-distinguished. In particular, pi
1
t is self-dual, and hence pit is self-dual. This
further shows that pi1t is a Speh representation. By Proposition 6.6, there exists i,
1 ď i ď t ´ 1, and a division of pii, pii “ pi
1
i
\ pi2
i
such that ppi2t q
_ – pi1
i
and that
pi1 ˆ ¨ ¨ ¨ ˆ pii´1 ˆ pi
2
i ˆ pii`1 ˆ ¨ ¨ ¨ ˆ pit´1(7.6)
is Hm1,m1-distinguished for some positive integerm
1. Thus we have bppitq “ bppiiq.
By our assumption on the ordering of representations, we have htppiiq ď htppitq.
As pi1t is a self-dual Speh representation that does not equal to pit, we have htppi
2
t q “
htppitq. As htppi
1
i
q ď htppiiq, we have htppitq “ htppiiq due to the fact that ppi
2
t q
_ –
pi1
i
. Thus we have pii – pit, and pi
2
i
– pi1t, which is a Hr,r-distinguished Speh
representation. So, by induction hypothesis, the representation (7.6) is of the
form (7.5). After removing pi2
i
in the product, we still get a representation of the
form (7.5). Therefore, by adding pit ˆ pii, we get that pi is of the form (7.5).
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(2) The representation pi1t is one dimensional. If r ą 0 and s ą 0, then pi
1
t is the
trivial representation 1 of G2r by Lemma 3.2. Note that, in this case, pit is not a
one dimensional representaion. Then by the same arguments as in Case A (1),
we are done in this case. If one of r, s is 0, then pi1t is the character ν
h{2 of Gh,
h “ maxpr, sq. Thus we have bppitq “ bppi
1
tq “ ν
h´1{2. In particular, pit is self-
dual. By Proposition 6.6, there exists i, 1 ď i ď t ´ 1, and a division of pii,
pii “ pi
1
i
\ pi2
i
such that ppi2t q
_ – pi1
i
and that
pi1 ˆ ¨ ¨ ¨ ˆ pii´1 ˆ pi
2
i ˆ pii`1 ˆ ¨ ¨ ¨ ˆ pit´1(7.7)
is pHm´nt ,m´nt`h, µh{2q-distinguished with nt the degree of pit. Thus we have
bppiiq “ bppitq “ ν
h´1{2, and pii is also self-dual. By our assumption on the or-
dering of representations, we have htppiiq “ htppitq, and hence pii – pit. Thus, the
representation pi2
i
is the character ν´h{2 of Gh. By Lemma 6.7, the representation
(7.7) is isomorphic to the representation
pi1 ˆ ¨ ¨ ¨ ˆ pii´1 ˆ pii`1 ˆ ¨ ¨ ¨ ˆ pit´1 ˆ ν
´h{2.
By Proposition 7.2, the representation pi1 ˆ ¨ ¨ ¨ ˆ pii´1 ˆ pii`1 ˆ ¨ ¨ ¨ ˆ pit´1 is
Hm´nt ,m´nt -distinguished, and hence is of the form (7.5) by induction hypothesis.
Therefore, by adding pii ˆ pit, we get that pi is of the form (7.5).
Case B. In this case the representation pit is pHr,s, µpr´sq{2q-distinguished for two non-
negative integers r and s, and the representation
pi1 ˆ ¨ ¨ ¨ ˆ pit´1
is pHm´r,m´s, µps´rq{2q-distinguished. As pit is a Speh representation, by Theorem 6.11 and
Lemma 6.15, we have r “ s. Therefore, by induction hypothesis we are done.
Case C. There exists i, 1 ď i ď t ´ 1, and a division of pii, pii “ pi
1
i
\ pi2
i
, such that
ppitq
_ – pi1
i
and that the representation
pi1 ˆ ¨ ¨ ¨ ˆ pii´1 ˆ pi
2
i ˆ pii`1 ˆ ¨ ¨ ¨ ˆ pit´1
is Hm´nt ,m´nt -distinguished. By our assumption on the ordering of representations, we
have pii – ppitq
_. Thus pi2
i
is the trivial representation of G0. By induction hypothesis, the
representation pi1ˆ¨ ¨ ¨ˆpii´1ˆpii`1ˆ¨ ¨ ¨ˆpit´1 is of the form (7.5). Therefore, by adding
pit ˆ ppitq
_, the representation pi is of the form (7.5). Q.E.D.
To classify distinguished representations in the entire unitary dual, it remains to con-
sider distinction of complementary series representations. Recall that a complementary se-
ries representation is an irreducible unitary representation of the form ναSppδ, kqˆν´αSppδ, kq
with 0 ă α ă 1{2, and is denoted by Sppδ, kqrα,´αs. By the work of Blanc and Delorme
[BD], one sees that Sppδ, kqrα,´αs is Hm,m-distinguished if and only if it is self-dual,
where m is the degree of Sppδ, kq. To apply the geometric lemma, we first note the follow-
ing lemma.
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Lemma 7.4. Let ρ be a unitary supercuspidal representation of Gd and c a fixed integer.
Let pi be a ladder representation of Gn with cuspidal supports contained in the cuspidal line
Zνα`c{2ρ or Zν´α`c{2ρ with 0 ă α ă 1{2, then pi cannot be self-dual. If, moreover, pi is left
aligned, then pi cannot be pHp,q, µpp´qq{2q-distinguished for certain nonnegative integers p,
q with p` q “ n.
Proof. As 0 ă α ă 1{2, the cuspidal line Zνα`c{2ρ (or Zν´α`c{2ρ) is not self-dual.
Thus pi cannot be self-dual by Lemma 6.1. For the second statement, if pi is one dimen-
sional, then by Lemma 6.15, the cuspidal supports of pi is contained in Zν0 or Zν´1{2.
This contradicts with our assumption; if pi is not one dimensional, then by Theorem 6.18
and Theorem 6.11, one sees pi is self-dual. This is absurd as shown by the first state-
ment. Q.E.D.
Theorem 7.5. An irreducible unitary representation pi of G2n is Hn,n-distinguished if
and only if it is self-dual and its Arthur part piAr is of the form (7.5).
Proof. To simplify notation, we will say a representaion H-distinguished for Hm,m-
distinguished when there is no need to address m. Write pi “ piAr ˆ pic. If pi is self-dual, by
uniqueness of Tadic´ decomposition, we have pic is also self-dual. As pic is a commutative
product of complementary series representations, we have pic is H-distinguished. The ‘if’
part then follows from Lemma 5.7. For the ‘only if’ part, write pi as a product of essentially
Speh representations
pi1 ˆ ¨ ¨ ¨ ˆ pit ˆ ν
α1Sppδ1, k1q ˆ ν
´α1Sppδ1, k1q ˆ ¨ ¨ ¨ ˆ ν
αrSppδr, krq ˆ ν
´αrSppδr, krq
(7.8)
such that k1 ď k2 ď ¨ ¨ ¨ ď kr, and that pii is a Speh representation for i “ 1, ¨ ¨ ¨ , t. Now
we appeal to Proposition 6.6. By Lemma 7.4, only Case C can happen. Note that we have
k1 ď ¨ ¨ ¨ ď kr and 0 ă αi ă 1{2, i “ 1, ¨ ¨ ¨ , r. By simple arguments we can show that
each time after applying Proposition 6.6, we can delete two non-unitary essentially Speh
representations in the product (7.8), and the new representation is H-distinguished. Thus
by a repeated use of Proposition 6.6, we get piAr “ pi1 ˆ ¨ ¨ ¨ ˆ pit is H-distinguished. The
‘only if’ part then follows from Theorem 7.3. Q.E.D.
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